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On Graded ¢-1-absorbing prime ideals

Mashhoor REFAI, Rashid ABu-Dawwas, Unsal TEKIR, Suat Kog, Roa’a AWAWDEH,
and Eda YILDIZ

ABSTRACT. Let G be a group, R be a G-graded commutative ring with nonzero
unity and GI(R) be the set of all graded ideals of R. Suppose that ¢ : GI(R) —
GI(R) U {0} is a function. In this article, we introduce and study the concept
of graded ¢-1-absorbing prime ideals. A proper graded ideal I of R is called a
graded ¢-1-absorbing prime ideal of R if whenever a, b, ¢ are homogeneous nonunit
elements of R such that abc € I — ¢(I), then ab € I or ¢ € I. Several properties
of graded ¢-1-absorbing prime ideals have been examined.

1. Introduction

Throughout this article, G will be a group with identity e and R be a commuta-
tive ring having a nonzero unity 1. Then R is called a G-graded ring if R = @ gec B
with RyRy, C Ry, for all g, h € G where R, is an additive subgroup of R for all g € G.
The elements of R, are called homogeneous of degree g. If a € R, then a can be
written uniquely as a finite sum deG ag, where a4 is the component of a in R,.
Note that R, is a subring of R and 1 € R,. The set of all homogeneous elements of
R is denoted by h(R) = U e Ry- Let P be an ideal of a graded ring R. Then P is
called a graded ideal if P = P, (PN R,), or equivalently, a = 3, a, € P implies
that a, € P for all ¢ € G. It is not necessary that every ideal of a graded ring is a
graded ideal. For instance, let R = k[X]| where k is a field. Then R is a Z-graded
ring where R, =0ifn <0, Ry =k and R, = kX" ifn > 0. Then I = (X +1) is
not a graded ideal since 1+ X € I but 1 ¢ I. We will denote the set of all graded
ideals of R by GI(R). For more details and terminology, see [8, 12].

For many years, various classes of graded ideals have been established such as
graded prime, graded primary, graded absorbing ideals, and etc. All of them play
an important performance when characterizing graded rings. The concept of graded
prime ideals and its generalizations have an important place in graded commutative
algebra since they are used in recognizing the structure of graded rings. Recall that
a proper graded ideal I of R is said to be a graded prime ideal if whenever a,b € h(R)
such that ab € I, then either a € I or b € I ([14]). The significance of graded prime
ideals led many researchers to work on graded prime ideals and its generalizations.
See for example, [1, 3, 13]. In [7], Atani introduced the notion of graded weakly
prime ideal which is a generalization of graded prime ideals. A proper graded ideal
I of R is said to be a graded weakly prime ideal of R if whenever a,b € h(R) such
that 0 #£ ab € I, then a € I or b € I. It is obvious that every graded prime ideal is
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graded weakly prime but the converse is not true in general. For instance, consider
the Z-graded ring R = Z4[X] and the ideal I = (0). Then [ is clearly a graded
weakly prime ideal. However, I is not a graded prime ideal since 2 - 2X = 0 but
2 and 2X ¢ I. Later, Al-Zoubi, Abu-Dawwas and Ceken in [6] introduced the
notion of graded 2-absorbing ideals. A nonzero proper graded ideal I of R is called
a graded 2-absorbing ideal if abc € I implies ab € I or ac € I or be € [ for each
a,b,c € h(R). Note that every graded prime ideal is also a graded 2-absorbing ideal.
After this, graded 2-absorbing version of graded ideals and many generalizations of
graded 2-absorbing ideals attracted considerable attention by many researchers in
[2, 16, 18]. In [9], the authors defined the notion of graded almost prime ideals. A
proper graded ideal I of R is said to be graded almost prime if for a,b € h(R) such
that ab € I — I?, then either a € I or b € I. Also, in [6], the authors defined and
studied graded weakly 2-absorbing ideals which is a generalization of graded weakly
prime ideals. A proper graded ideal I of R is called a graded weakly 2-absorbing
ideal if 0 # abc € I implies ab € I or ac € I or be € I for each a,b,c € h(R). In [5],
Alshehry and Abu-Dawwas defined a new class of graded prime ideals. A proper
graded ideal I of R is called graded ¢-prime ideal if whenever ab € I — ¢(I) for
some a,b € h(R), then either a € I or b € I, where ¢ : GI(R) — GI(R) U {0} is a
function. They proved that a graded prime ideal and a graded ¢-prime ideal have
some similar properties.

Recently, in [4], the notion of graded 1-absorbing prime ideals has been intro-
duced and studied. This class of graded ideals is a generalization of graded prime
ideals. A proper graded ideal I of R is called a graded 1-absorbing prime ideal if
whenever abc € I for some nonunits a,b,¢ € h(R), then either ab € I or ¢ € I.
Note that every graded prime ideal is graded 1-absorbing prime and every graded
1-absorbing prime ideal is graded 2-absorbing ideal. The converses are not true.
More currently, in [17], the notion of graded weakly 1-absorbing prime ideals which
is a generalization of graded 1-absorbing prime ideals has been introduced and in-
vestigated. A proper graded ideal I of R is called a graded weakly 1-absorbing prime
ideal if whenever 0 # abc € I for some nonunits a, b, ¢ € h(R), then either ab € I or
cel.

In this article, we act in accordance with [19] to define and study graded ¢-1-
absorbing prime ideals as a new class of graded ideals which is a generalization of
graded l-absorbing prime ideals. A proper graded ideal I of R is called a graded
¢-1-absorbing prime ideal of R if whenever a,b,c € h(R) are nonunits such that
abc € I —¢(I), then ab € I or ¢ € I. Among several results, an example of a graded
weakly 1-absorbing prime ideal that is not graded 1-absorbing prime has been given
(Example 6). Also, an example of a graded weakly 1-absorbing prime ideal that is
not graded weakly prime has been introduced (Example 8). In Theorem 13, we give
a characterization on graded ¢-1-absorbing prime ideals. We introduce the concept
of g-¢-1-absorbing prime ideals. A graded ideal I of R with I, # R, is said to
be a g-¢-1-absorbing prime ideal of R if whenever a,b,c € R, such that abc € I,
then either ab € I or ¢ € I. In Theorem 16, we give a characterization of g-¢-1-
absorbing prime ideals. We show that if I is a graded ¢-1-absorbing prime ideal
of R, then I/¢(I) is a graded weakly 1-absorbing prime ideal of R/¢(I) (Theorem
25). On the other hand, we prove that if I/¢(I) is a graded weakly 1-absorbing
prime ideal of R/¢(I) and U(R/¢(I)) = {a+ ¢(I): a € U(R)}, then I is a graded
¢-1-absorbing prime ideal of R (Theorem 27). In Theorem 28, we study graded
¢-1-absorbing prime ideals over multiplicative sets. In Theorems 30, 31 and 32, we
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study graded ¢-1-absorbing prime ideals over cartesian products of graded rings.
Finally, we introduce and study the concept of graded von Neumann regular rings.
A graded ring R is said to be a graded von Neumann regular ring if for each a € R,
there exists x € Ry,-1 such that a = a’z [12]. In particular, we prove that if R
is a graded von Neumann regular ring and = € h(R), then Rz is a graded almost
1-absorbing prime ideal of R (Theorem 40).

2. Graded ¢-1-absorbing prime ideals

In this section, we introduce and study the concept of graded ¢-1-absorbing
prime ideals.

DEFINITION 1. Let R be a graded ring and ¢ : GI(R) — GI(R) U {0} be a
function. A proper graded ideal I of R is called a graded ¢-1-absorbing prime ideal
of R if whenever a,b,c € h(R) are nonunits such that abc € I — ¢(I), then ab € I
orcel.

REMARK 2. The following notations are used for the rest of the article, they are
types of graded 1-absorbing prime ideals corresponding to ¢q.

) = {0} (graded weakly 1-absorbing prime ideal)
0 (1) =1 (any graded ideal)

) = I? (graded almost 1-absorbing prime ideal)
on(l) = I" (graded n-almost 1-absorbing prime ideal)

)=, I" (graded w-1-absorbing prime ideal)

n

REMARK 3. (1) Since I — (1) =1 — (I o(I)) for any graded ideal I, without
loss of generality, throughout this article, we suppose that ¢(I) C I.

(2) For functions ¢,v : GI(R) — GI(R) U {0}, we write ¢ < if ¢(I) C (1)
for all I € GI(R). Obviously, therefore, we have the next order:

REMARK 4. ¢p < o < ¢y < -+ < Opp1t S O < -+ < 92 < @1

PROPOSITION 5. Let R be a graded ring, ¢,v : GI(R) — GI(R) U {0} be two
functions with ¢ < v and I be a proper graded ideal of R.

(1) If I is a graded ¢-1-absorbing prime ideal of R, then I is a graded -1-
absorbing prime ideal of R.

(2) I is a graded 1-absorbing prime ideal of R = I is a graded weakly 1-
absorbing prime ideal of R = I is a graded w-1-absorbing prime ideal of
R = I is a graded n-almost 1-absorbing prime ideal of R for eachn > 2 = 1
is a graded almost 1-absorbing prime ideal of R.

(3) I is a graded n-almost 1-absorbing prime ideal of R for each n > 2 if and
only if I is a graded w-1-absorbing prime ideal of R.

(4) Every graded ¢-prime ideal of R is a graded ¢-1-absorbing prime ideal of
R.

PROOF. (1) : It is clear.

(2) : Tt follows from (1) and ¢g < @p < ¢y < -+ < Ppy1 < P < -+- < pg < ¢y
in Remark 2.

(3) : By (2), if I is a graded w-1-absorbing prime ideal of R, then I is a graded
n-almost 1-absorbing prime ideal of R for each n > 2. Assume that [ is a graded
n-almost 1-absorbing prime ideal of R for each n > 2. Let abc € I — (>, I" for

n=1

some nonunits a, b, ¢ € h(R). Then there exists r > 2 such that abc ¢ I". Since [
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is a graded r-almost 1-absorbing prime ideal of R and abc € I — I", then either we
have abe I or c € I.
(4) : Tt is obvious. O

The next example introduces a graded weakly 1-absorbing prime ideal that is
not a graded 1-absorbing prime.

EXAMPLE 6. Consider R = Z,p[i], where p, q are two distinct primes, and
G =Zy. Then R is G-graded by Ry = Z,2 and Ry = iZ,;2. AsG* € Ry, I = (q°) is
a graded ideal of R. Since p,q € Ry C h(R) are nonunits with pqq € I while pg ¢ I
and ¢ ¢ 1, I is not a graded 1-absorbing prime ideal of R. On the other hand, we
prove that I is a graded weakly 1-absorbing prime ideal of R. Let 0 # abc € I for
some nonunits @,b,¢ € h(R). Then ¢* divides abc but pg® does not divide abc.

Case (1):a,b,¢ € Ry.

Since @,b,¢ are nonunits, p or q must divide a, b and c. If p divides a,b or
¢, then pg® divides abc which is a contradiction. So, ¢* divides ab and so ab € I.
Therefore, I is a graded weakly 1-absorbing prime ideal of R.

Case (2): @,b € Ry,¢ € R;.

In this case, © = ia for some @ € Ry. As ¢ is nonunit, & is nonunit with
abe = iaba and pg? does not divide aba. Since ¢ divides abe, iaba = ¢*(x + iy) for
some x,y € Ry, and then aba = ¢*y which implies that ¢* divides aba. Similarly as
in case (1), we have that ab € I. Therefore, I is a graded weakly 1-absorbing prime
ideal of R.

Case (3):a € Ry, b,¢ € Ry.

In this case, b=1ia and ¢ = i for some @, B € Ry. As b and ¢ are nonunits, @
and 3 are nonunits with abc = —aaB and pg® does not divide aa 3. Since ¢* divides
abe, —aaf = ¢*(x +iy) for some x,y € Ry, and then —aaB = q*x which implies
that ¢* divides aaf3. Similarly as in case (1), we have that aa € I and then ab € I.
Therefore, I is a graded weakly 1-absorbing prime ideal of R.

Case (4): a,b,T € Ry.

In this case, @ = ia, b =8 and ¢ = 7 for some &, 3,7 € Ry. As @, b and ¢ are
nonunits, @, B and ¥ are nonunits with abc = —iafy and pg® does not divide afy.
Since ¢ divides abe, —iafy = ¢*(x +1iy) for some x,y € Ry, and then —afy = ¢*y
which implies that ¢* divides afy. Similarly as in case (1), we have that aff € I
and then ab € I. Therefore, I is a graded weakly 1-absorbing prime ideal of R.

Since the other cases are similar to one of the above cases, I is a graded weakly
1-absorbing prime ideal of R.

The next example introduces a graded w-1-absorbing prime ideal that is not
graded weakly 1-absorbing prime.

EXAMPLE 7. Consider R = Zg X iy X 7y X Lo and the trivial graduation of R by
any group G, that is R. = R and Ry = {0} for g € G — {e}. Now, I = Zy x {0} x
{0} x {0} is a graded ideal of R satisfies I? = I, and then I" = I for all n > 2, and
hence I is a graded w-1-absorbing prime ideal of R. On the other hand, I is not a
graded weakly 1-absorbing prime ideal of R since a = (1,1,1,0),b = (1,1,0,1) and
c=(1,0,1,1) € h(R) are nonunits with 0 # abc € I while ab,c ¢ I.

The next example introduces a graded weakly 1-absorbing prime ideal that is
not graded weakly prime.
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EXAMPLE 8. Consider R = Zyp[i], where p, q are two distinct primes, and
G =Zs. Then R is G-graded by Ry = Zy2 and Ry = iZ,,. By Example 6, I = (¢*)
is a graded weakly 1-absorbing prime ideal of R. On the other hand, I is not a
graded weakly prime ideal of R since § € h(R) with 0 #qq € I while G ¢ I.

A graded ring R is said to be graded local if it has a unique graded maximal
ideal m, and it is denoted by (R, m).

PROPOSITION 9. Let (R, m) be a graded local ring and I be a proper graded ideal
of R. If m®> C I, then I is a graded 1-absorbing prime ideal of R.

PROOF. Let abc € I for some nonunits a,b, ¢ € h(R). Then a,b,¢ € m, which
implies that ab € m? C I. Therefore, I is a graded 1-absorbing prime ideal of R. [

COROLLARY 10. Let (R,m) be a graded local ring. Then m? is a graded 1-
absorbing prime ideal of R.

PRrROOF. By [[4], Lemma 1], m? is a proper graded ideal of R, and then m? is a
graded 1-absorbing prime ideal of R by Proposition 9. (]

PROPOSITION 11. Let (R,m) be a graded local ring and I be a proper graded
ideal of R. If m® C ¢(I), then I is a graded ¢-1-absorbing prime ideal of R.

PROOF. Suppose that I is not a graded ¢-1-absorbing prime ideal of R. Then
there exist nonunit elements a, b, c € h(R) such that abc € I — ¢(I) but ab ¢ I and
c ¢ I. Since a, b, c are nonunits, they are elements of m, and then abc € m® C ¢([),
which is a contradiction. Hence, I is a graded ¢-1-absorbing prime ideal of R. [

COROLLARY 12. Let (R, m) be a graded local ring and ¢(I) # O for every ideal
I of R. If m® = {0}, then every proper graded ideal of R is graded ¢-1-absorbing
prime.

ProOF. Apply Proposition 11. O

THEOREM 13. Let R be a graded ring and I be a proper graded ideal of R.
Consider the following conditions.

(1) I is a graded ¢-1-absorbing prime ideal of R.

(2) For each nonunits a,b € h(R) with ab ¢ I, (I : ab) =1 U (¢(I) : ab).

(3) For each nonunits a,b € h(R) with ab ¢ I, either (I : ab) =1 or (I : ab) =
(6(1) : ab).

(4) For each nonunits a,b € h(R) and proper graded ideal L of R such that
abL C I and abL gZ o(I), eitherabe I or L C 1.

(5) For each nonunit a € h(R) and proper graded ideals K,L of R such that
aKL C I and aKL ¢ ¢(I), either aK C I or L C 1.

(6) For each proper graded ideals J, K, L of R such that JKL C I and JKL ¢
o(I), either JK C I or L C 1.

Then, (6) = (5) = (4) = (3) = (2) = (1).

PROOF. (6) = (5) : Suppose that aK'L C I and aKL ¢ ¢(I) for some nonunit
a € h(R) and proper graded ideals K, L of R. Then J = Ra is a graded ideal since
a € h(R), and also JKL C I and JKL ¢ ¢(I). Then by (6), we have aK C JK C I
or L C I which completes the proof.

(5) = (4) : Let abL C I and abL ¢ ¢(I) for some nonunits a,b € h(R) and
proper graded ideal L of R. Now, put K = Rb. Then K is a graded ideal such that
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aKL C I and aKL ¢ ¢(I). Then by (5), we have that ab € aK C I or L C I which
is needed.

(4) = (3) : Let a,b € h(R) nonunits such that ab ¢ I. Then (I : ab) is a
proper graded ideal of R. We have two cases. Case 1: let ab(I : ab) C ¢(I). Then
(I : ab) C (¢(I): ab). As the reverse inclusion always holds, we have the equality
(I:ab) = (¢(I): ab). Case 2: let ab(I : ab) € ¢(I). Since ab(I : ab) C I, by (4), we
get (I :ab) CI. As I C (I : ab) always holds, we have I = (I : ab). Therefore,
(I:ab)=1Tor (I:ab)=(4(I): ab).

(3) = (2) : It is clear.

(2) = (1) : Let abc € I — ¢(I) for some nonunits a,b,c € h(R). Assume that
ab ¢ I. Then we have ¢ € (I : ab)— (¢(I) : ab) . By (2), we conclude that ¢ € I which
completes the proof. O

In the previous Theorem, the implication (1) # (6) is not true in general. See
the following example.

ExXaMPLE 14. Consider the ring R = Zs0[X]|. Then R = @R, is a Z-graded

neZ

ring, where R, = {0} if n < 0, Ry = Zsy and also R, = ZsoX™ if n > 0. Then the
set of all nonunit homogeneous elements is nu(h(R)) = {2k,5k,aX" : k,a € Z and
n > 1}. Now, consider the graded ideal I = (X,25) of R. Set ¢(I) = {0}. Now,
we will show that I is a graded ¢-1-absorbing prime ideal of R. To see this, choose
nonunit homogeneous elements r, s,t € nu(h(R)) such that rst € I — ¢(I). We have
two cases. Case 1: If at least one of the r,s,t is of the form aX™, then we have
rs€l ortel since X € I. Case 2: Assume that r,s,t € {2k,5k : k € Z}. Then
we can write r = m, s = n,t = k for some m,n, k € Z. Since rst € I —¢(I), we have
25|mnk and 2t mnk. Thus, 2 does not divide m,n and k. Which implies that 25|mn
and so rs € I. Therefore, I is a graded ¢-1-absorbing prime ideal of R. Now, we will
show that I does not satisfy (2) in Theorem 13. Now, take a =2 and b =5. Then
note that ab = 10 ¢ I. Also, it is easy to see that 5,X € (I : ab). Then we have
5+ X € (I :ab). On the other hand, note that 5+ X & (¢(I) : ab) U I. This shows
that (p(I) : ab)UT C (I : ab). Thus, I does not satisfy (2), and so it does not satisfy
all azioms (2) — (6) in Theorem 183.

DEFINITION 15. Let R be a G-graded ring and ¢ : GI(R) — GI(R) U {0} be a
function. Suppose that g € G and I is graded ideal of R with 1, # Ry. Then I is
called a g-¢-1-absorbing prime ideal of R if whenever a,b,c € R, are nonunits such
that abc € I — ¢(I), thenabe I orce .

THEOREM 16. Let R be a G-graded ring, g € G and I be a graded ideal of R
with Iy # Ry. Then the following statements are equivalent.
(1) I is a g-¢-1-absorbing prime ideal of R.
(2) For each nonunits a,b € Ry with ab ¢ I, (I :g, ab) € I U (¢(I) :g, ab).
(3) For each nonunits a,b € Ry with ab ¢ I, either (I :z, ab) € I or (I :p,
ab) = (¢(I) :g, ab).
(4) For each nonunits a,b € Ry and graded ideal J of R such that J; # Ry,
abJ, C I but abJ, ¢ ¢(I), either abe I or J, C I.
(5) For each nonunit a € h(R) and graded ideals J, K of R such that J, # Ry,
K, # R,, aJ,K, C I but aJ,K, ¢ ¢(I), either aJ, C I or K, C I.
(6) For each graded ideals J, K,L of R such that J, # Ry, K; # Ry, Ly # Ry,
J,K,Ly C I but J,K,L, ¢ ¢(I), either J,, CT or L, C I.
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PROOF. (1) = (2) : Let a,b € R, be nonunits with ab ¢ I. Take x € (I :pg,
ab). Then we have v € R, and abx € I. Since ab ¢ I, x is nonunit. As I is a
g-¢-1-absorbing prime ideal of R, we conclude that x € I or abx € ¢(I). Which
implies that = € T U (¢([) :g, ab). Thus, (I :g, ab) C T U (¢(I) g, ab).

(2) = (3) : Assume that (I :p, ab) € I U (4(I) :g, ab). Then by [11], (I :g,
ab) C I or (I :g, ab) C (¢(I) :g, ab). In the first case, there is nothing to prove.
Assume that (I :g, ab) C (¢(I) :g, ab). Since the reverse inclusion always holds, we
have the equality (I :g, ab) = (¢(I) :g, ab).

(3) = (4) : Suppose that abJ, C I but abJ, € ¢(I) for some nonunits a,b € R,
and graded ideal J of R with J; # R,y. If ab € I, then there is nothing to prove.
So assume that ab ¢ I. Since J, C (I :g, ab) and J, € (¢(I) :g, ab), by (3), J; €
(I :r, ab) € I which completes the proof.

(4) = (5) : Suppose that aJ,K, C I and aJ,K; C ¢(I). Assume that aJ, ¢ I
and K, ¢ I. Then there exists « € J, such that ax ¢ I. Also, since aJ,K, € ¢(I),
there exists y € J,; such that ayK, ¢ ¢(I). Now, assume that azK, ¢ ¢(I). Since
a,x are nonunits and ax Ky, C I , we have either ax € I or K; C I, a contradiction.
So, we get axK, C ¢(I). Also, we have a(z + y)K, C I and a(z + y)K, € ¢(I),
which implies that a(z +y) € I. Since ayK, C I , ayK, ¢ ¢(I) and K, ¢ I , we
get ay € I. Thus, we obtain ax € I giving a contradiction.

(5) = (6) : Suppose that J,K,L, C I but J,K,L, ¢ ¢(I) for some graded
ideals J, K and L of R with J;, # Ry, K; # Ry and L, # R, Assume that
JyKy ¢ I and L, ¢ I. Then there exists b € J, such that bK, ¢ I. Also,
since J,K,Ly, € ¢(I), aK,L, ¢ ¢(I) for some a € J,. Then we get aK, C I
since aKy,L, C I and aK,L, ¢ ¢(I). Suppose that bK,L, ¢ ¢(I). By (5), this
gives bK, C I or L, C I , which is a contradiction. So, bK,L, C ¢(I). As
(a+b)KyLy, C I and (a+ b)K,L, € ¢(I), we have (a + b)K, C I. This implies
bK, C I, a contradiction.

(6) = (1) : Let abc € I—¢(I) for some nonunits a, b, ¢ € Ry. Then (Ra)y(Rb)4(Re)y C

I and (Ra),(Rb)4(Rc)y € ¢(I). Hence, (Ra),(Rb), C I or (Rc), C I showing that
ab € I or c € I, as desired. O

DEFINITION 17. Let I be a g-¢-1-absorbing prime ideal of R and a,b,c € Ry be
nonunits. Then (a,b,c) is called a g-¢-1-triple zero of I if abc € ¢(I), ab ¢ I and

cé¢ I
THEOREM 18. Suppose that I is a g-¢-1-absorbing prime ideal of R and (a,b,c)
is a g-¢-1-triple zero of I. Then abl, C ¢(I).

PROOF. Now, abc € ¢(I), ab ¢ I and ¢ ¢ I. Suppose that abl, ¢ ¢(I). Then
there exists z € I, such that abz ¢ ¢(I). So, ab(c+z) € I — (). If ¢+ z is unit,
then ab € I, a contradiction. Now, assume that ¢+ is nonunit and so we get ab € 1
or ¢ € I, a contradiction. Thus, we have abl, C ¢(I). O

THEOREM 19. Suppose that I is a g-¢-1-absorbing prime ideal of R and (a, b, c)
is a g-¢-1-triple zero of I. If ac,be ¢ I, then acly, C ¢(I), bel, € o(1), aly € o(I),
bIg2 C ¢(I) and ch2 C o(1).

PROOF. Suppose that acly € ¢(I). Then there exists x € I, such that acz ¢
¢(I). This implies that a(b+ z)c € I — ¢(I). If b+ x is unit, then ac € I which
is a contradiction. Thus b + z is nonunit. Since I is a g-¢-1-absorbing prime ideal,
we conclude either a(b+ x) € I or ¢ € I , which implies that ab € I or ¢ € I, a
contradiction. Thus, acl, C ¢(I). By using similar argument, we have bcl, C ¢(I).
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Now, we will show that a]g2 C ¢(I). Suppose not. Then there exist z,y € I, such
that azy ¢ ¢(I). It implies that a(b+ z)(c+y) € I — ¢(I). If (b + ) is unit, then
a(c+y) € I which gives ac € I, a contradiction. Similarly, (¢ + y) is nonunit. Then
either a(b+ x) € I or ¢ +y € I implying that ab € I or ¢ € I. Thus, we have
al? C ¢(I). Similarly, we get bI7 C ¢(I) and cI7 C ¢(I). O

THEOREM 20. Suppose that I is a g-¢-1-absorbing prime ideal of R and (a, b, c)
is a g-¢-1-triple zero of I. If ac,bc & I, then If;’ C o(1).

PROOF. Suppose that I ¢ ¢(I). Then there exist z,y,z € I, such that zyz ¢
¢(I), and then (a+2x)(b+y)(c+2) € I —¢(I). If a+ x is unit, then we obtain that
(b+y)(c+z) = bet+bz+cy+yz € I and so be € I, which is a contradiction. Similarly,
we can show that b+ y and ¢ + z are nonunits. Then we get (a + z)(b+1y) € I or
c+z € I. This gives ab € I or ¢ € I, a contradiction. Hence, I} C ¢([). d

THEOREM 21. Let R be a G-graded ring, g € G and v € Ry be nonunit. Suppose
that (0 : ) € Rx. Then Rx is a g-¢p-1-absorbing prime ideal of R with ¢ < ¢ if
and only if Rx is a g-1-absorbing prime ideal of R.

PROOF. Suppose that Rz is a g-¢-1-absorbing prime ideal of R with ¢ < ¢,.
Then it is also a g-¢9-1-absorbing prime ideal of R by the sense of Proposition 5. Let
abe € Rx for some nonunits a,b, ¢ € R,. If abc ¢ (Rz)®, then ab € Rz or ¢ € Ru.
Suppose that abe € (Rz)?. We have ab(c + z) € Rz. If ¢ + x is unit, we are done.
Hence, we can assume that ¢4 = is nonunit. Assume that ab(c + z) ¢ (Rz)®. Then
we get either ab € Rz or ¢+ € Rx implying ab € Rz or ¢ € Rx. Now, assume
that ab(c + x) € (Rz)?. This gives zab € (Rz)* and so there exists t € R such that
zab = z?t. Thus we have ab — zt € (0 : ) C Rx. Therefore, ab € Rz, as needed.
The converse is clear. O

REMARK 22. Note that the condition (0 : z) C Rx in Theorem 21 trivially holds
for every reqular element x.

THEOREM 23. Let R be a graded ring and I be a graded ideal of R with I, # R..
Suppose that R, is not local ring and (¢(I) :r, a) is not mazimal ideal of R, for
each a € I,. Then I is an e-¢-prime ideal of R if and only if I is an e-¢-1-absorbing
prime ideal of R.

PROOF. Suppose that [ is an e-¢-1-absorbing prime ideal of R. Let a,b € R,
such that ab € I — ¢(I). If a or b is unit, then a € I or b € I, as needed. Suppose
that a, b are nonunits. Since ab ¢ ¢(I), (¢(I) :g, ab) is proper. Let m be a maximal
ideal of R, containing (¢(I) :g, ab). Since R, is not local ring, there exists another
maximal ideal q of R.. Now, choose ¢ € ¢ — m. Then ¢ ¢ (¢(I) :g, ab), and so
we have (ca)b € I — ¢(I). Since I is an e-¢-1-absorbing prime ideal of R, we get
either ca € I or b € I. If b € I, then we are done. Suppose that ca € I. Then as
¢ ¢ m, there exists € R, such that 1 4+ zc € m. Note that 1 + zc is nonunit. If
14+zc ¢ (¢(I) :g, ab), then we have (1+zc)ab € I —¢(I) implying (1+zc)a € I and
so a € I since ca € I. Assume that 14+ zc € (¢(I) :g, ab), that is, ab(1+zc) € ¢(I).
Choose y € m — (¢(I) :p, ab). Then we have (1 + zc + y)ab € I — ¢(I). On
the other hand, since 1 + xc+ y € m, 1 + xc + y is nonunit. This implies that
(1 4+ xc+y)a € I. Also, since yab € I — ¢(I), we get ya € I. Then we have
a = (1+xzc+y)a— x(ca) —ya € I. Therefore, I is an e-¢-prime ideal of R. The
converse follows from Proposition 5. ]
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Let R be a G-graded ring and J be a graded ideal of R. Then R/J is a G-graded
ring by (R/J), = (Ry + J)/J for all g € G. Moreover, we have the following:

PROPOSITION 24. ([15], Lemma 3.2) Let R be a graded ring, J be a graded ideal
of R and I be an ideal of R such that J C I. Then I is a graded ideal of R if and
only if I/J is a graded ideal of R/J.

For any graded ideal J of R define a function ¢; : GI(R/J) — GI(R/J) U {0}
by ¢5(I/J) = (¢(I) + J)/J where J C I and ¢;(I/J) = if ¢(I) = 0. Also, note
that ¢, (I/J) CI/J.

THEOREM 25. Let I be a graded ¢-1-absorbing prime ideal of R. Then I/¢(I)
is a graded weakly 1-absorbing prime ideal of R/$(I).

PROOF. Let 04+ ¢(1) # (a+ ¢(1))(b+ ¢(I))(c+ (1)) = abe+ ¢(I) € 1/¢(1) for
some nonunits a + ¢(I),b+ ¢(I),c+ ¢(I) € R/p(I). Then a,b, ¢ are nonunits in R
and abc € I — ¢(I). Since [ is a graded ¢-1-absorbing prime ideal of R, ab € I or
¢ € I, and then we get (a+¢(I))(b+¢(I)) = ab+¢(I) € I/d(I) or c+o(I) € 1/p(1).
Hence, I/¢(I) is a graded weakly 1-absorbing prime ideal of R/¢([). O

Similarly, one can prove the following:

THEOREM 26. Let I, J be two graded ideals of R with J C I and I be a graded
¢-1-absorbing prime ideal of R. Then I/J is a graded ¢ ;-1-absorbing prime ideal of
R/J.

THEOREM 27. Let I/¢(1I) be a graded weakly 1-absorbing prime ideal of R/$(I)
and U(R/P(I)) = {a+ ¢(I) :a € U(R)}. Then I is a graded ¢-1-absorbing prime
ideal of R.

PROOF. Let a,b,¢ € h(R) be nonunits such that abc € I — ¢(I). Then we
have 0 4+ ¢(I) # (a + ¢(1))(b + ¢(I))(c + &(I)) = abc + ¢(I) € I/o(I). Since
UR/p(I)) = {a+¢(I):acUR)}, a+ ¢(),b+ ¢(I),c + ¢(I) are nonunits in
R/¢(I). Since I/¢(I) is a graded weakly 1-absorbing prime ideal, we have either
(a+ (D) (b+o(I)) =ab+¢(I) € I/PH(I) or c+¢(I) € I/¢(I), which implies ab € I
or ¢ € I. Therefore, I is a graded ¢-1-absorbing prime ideal of R. O

Let R be a G-graded ring and S C h(R) be a multiplicative set. Then S™'R
is a G-graded ring with (S™'R), = {¢:a € Ry, s € SN Ry} forall g € G. If I
is a graded ideal of R, then S~'I is a graded ideal of S~ 'R. Consider the function
¢ : GI(R) = GI(R)U{0}. Define ¢g : GI(ST'R) — GI(ST'R)U{0} by ¢s(S~1I) =
S™Lo(I) and ¢g(S7L) = 0 if ¢(I) = 0. Tt is easy to see that ¢5(S~I) C S~LI.

THEOREM 28. Let R be a graded ring and S C h(R) be a multiplicative set. If
I is a graded ¢-1-absorbing prime ideal of R with INS =0, then S~'I is a graded
¢s-1-absorbing prime ideal of ST'R.

PROOF. Let ¢2¢ € S~ — ¢5(S~!1) for some nonunits in h(S~'R). Then there

stu

exists v € S such that vabc € I. If vabe € ¢(I), then we have 22¢ = vabe ¢

stu vstu
S7re(I) = ¢g(S~'I) which is a contradiction. So we get vabc € I — ¢(I). Since
va, b, c are nonunits in R and [ is a graded ¢-1-absorbing prime ideal, we get vab €
or ¢ € I. This implies %%’ = Z;:f € S7'Tor £ € S7'I. Hence, S~'1 is a graded ¢g-1-

absorbing prime ideal of S7'R.

Let R and T be two G-graded rings. Then Rx T is a G-graded ring by (RxT), =
R, x T, for all g € G. Moreover, we have the following:
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PROPOSITION 29. ([15], Lemma 3.12) Let R and T be two graded rings. Then
L=1xJis a graded ideal of R x T if and only if I is a graded ideal of R and J is
a graded ideal of T.

Let R and T be two graded rings, ¢ : GI(R) — GI(R) U {0}, v : GI(T) —
GI(T) U {0} be two functions. Suppose that 6 : GI(R x T) — GI(R x T) U {0}
is a function defined by 6(I x J) = ¢(I) x 1(J) for each graded ideals I, J of R,T
respectively. Then 6 is denoted by 6 = ¢ x 9.

THEOREM 30. Let R and T be two graded rings, ¢ : GI(R) — GI(R) U {0},
¥ GI(T) = GI(T) U {0} be two functions. Suppose that 6 = ¢ x . If L=1xJ
is a graded 60-1-absorbing prime ideal of R x T, then I is a graded ¢-prime ideal of
R and J is a graded 1-prime ideal of T.

PROOF. Let a,b € h(R) such that ab € I—¢(I). Then we have (a,0)(1,0)(b,0) =
(ab,0) € L — 0(L) for some nonunits (a,0), (1,0), (b,0) € h(R x T). Since L is a
graded 6-1-absorbing prime ideal of R x T', we get either (a,0)(1,0) = (a,0) € L or
(b,0) € L implying that a € I or b € I. Therefore, I is a graded ¢-prime ideal of R.
Similarly, J is a graded -prime ideal of T'. [

THEOREM 31. Let R and T be two graded rings, ¢ : GI(R) — GI(R) U {0},
¥ : GI(T) = GI(T)U{0} be two functions. Suppose that 6 = ¢ x . If L =1xJ is
a graded 0-1-absorbing prime ideal of R x T and 0(L.) # Le, then I = R or J =T.

PROOF. Since 0(L.) # L., either ¢(1.) # I. or ¥(J.) # J.. Suppose that
@(Le) # I.. Then there exists a € I, — ¢(I.) that is a € I — ¢(I). This implies that
(1,0)(1,0)(a,1) = (a,0) € L — O(L). Then we have either 1 € I or 1 € J, that is
I =Ror J=T. Similarly, if ¥/(J.) # J., we have either I = Ror J =T. O

THEOREM 32. Let R and T be two graded rings, ¢ : GI(R) — GI(R) U {0},
v GI(T) — GI(T) U {0} be two functions. Suppose that 0 = ¢ X 1. Suppose
that L = I x J is a graded 0-1-absorbing prime ideal of R X T and 6(L.) # L. If
¢(R.) # R. is not a unique mazimal ideal of R. and Y(T.) # T, is not a unique
maximal ideal of Ty, then either L = Rx J and J, is a prime ideal of T, or L = I xXT
and I, is a prime ideal of T,

PrOOF. By Theorem 31, we know that I = R or J = T. Without loss of
generality, we may assume that I = R. Let xy € J, for some elemts z,y € T,. If =
or y is unit, we are done. So assume that z,y are nonunits in 7,. Since ¢(R,) # R,
is not a unique maximal ideal of R,, there exists a nonunit element a € R, — ¢(R,).
Then we have (a,1)(1,z)(1,y) = (a,zy) € L —O(L). Since I is a graded 6-1-
absorbing prime ideal of R x T', we have either (a,1)(1,2) = (a,z) € Lor (1,y) € L
implying z € J or y € J that is eitherx € T.NJ = J.ory € T.NJ = J.. Therefore,
J, is a prime ideal of T,. O

3. Graded von Neumann regular Rings

In this section, we introduce and study the concept of graded von Neumann
regular rings. We prove that if R is a graded von Neumann regular ring and z €
h(R), then Rz is a graded almost 1-absorbing prime ideal of R (Theorem 40).

DEFINITION 33. Let R be a G-graded ring. Then R is said to be a graded von

Neumann reqular ring if for each a € Ry (g € G), there exists x € Ry-1 such that

a = a21’.
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A graded commutative ring R with unity is said to be a graded field if every
nonzero homogeneous element of R is unit [15]. Clearly, every field is a graded field,
however, the converse is not true in general, see ([15], Example 3.6).

LEMMA 34. Let R be a graded ring. If r € Ry is a unit, then r™' € R,-1.

PROOF. By ([12], Proposition 1.1.1), 7! € h(R), which means that ! € R, for
some h € G. Now,rr ' =1€ R, andrr—! € RyRy, C Rgp,. So, 0 # rrl e R.NRyp,
which implies that gh = e, that is h = g~'. Hence, r! € R,-1. (I

EXAMPLE 35. Fvery graded field is a graded von Neumann regular ring. To see
this, let R be a graded field and a € Ry. If a = 0, then x = 0 € Ry-1 satisfies
a =a’x. If a # 0, then a is unit, and then by Lemma 34, * = a' € Ry-1 with
a = a’z. Hence, R is a graded von Neumann regular ring.

LEMMA 36. If R is a graded ring, then R, contains all homogeneous idempotent
elements of R.

PRrROOF. Let = € h(R) be an idempotent element. Then = € R, for some g € G
and 22 = 2. If v = 0, then z € R, and we are done. Suppose that z # 0. Since
2* =22 € RyRy C Ry, 0 # x € RyN Ry, and then ¢g*> = g which implies that
g = ¢, and hence = € R,. O

PROPOSITION 37. Let R be a graded ring. If R is a Boolean ring, then R is
trivially graded.

PROOF. It is enough to prove that R, = {0} for all g # e. Let g € G — {e} and
x € Ry Since R is Boolean, x is an idempotent, and then x € R, by Lemma 36.
So, © € Ry N R, which implies the either x = 0 or g = e. Since g # ¢, x = 0, and
hence R is trivially graded. (I

EXAMPLE 38. Fvery Boolean graded ring is a graded von Neumann reqular ring.
To see this, let R be a Boolean graded ring. Then by Proposition 37, R is trivially
graded. Assume that a € Ry. If g # e, then a = 0 and then x = 0 € Ry with

a = a*x. If g = e, then a is an idempotent, and then x = a € R, = Ry with

a’r =ar =a-a=a®=a. Hence, R is a graded von Neumann reqular ring.

LEMMA 39. Let R be a graded von Neumann regular ring and x € h(R). Then
Rx = Ra for some idempotent element a € R,.

PROOF. Since x € h(R), € R, for some g € G, and then there exists y € Ry
such that z = 2%y as R is graded von Neumann regular. Choose a = zy, then
a=uxy € RyRy1 C R., and a* = (zy) - (zy) = (2*y)y = 2y = a, which means that
a is an idempotent. Now, a = zy = yx € Rz, so Ra C Rxz. On the other hand,
r = 2’y = z(xvy) = xa € Ra, so Rx C Ra. Hence, Rx = Ra. O

THEOREM 40. Let R be a graded von Neumann reqular ring and x € h(R). Then
Rx is a graded almost 1-absorbing prime ideal of R.

PrROOF. By [[4], Lemma 1], ] = Rz is a graded ideal of R. By Lemma 39,
I = Rz = Ra for some idempotent a € R,, and then I?> = I which implies that
I = Rx is a graded almost 1-absorbing prime ideal of R. O

PROPOSITION 41. Let R be a graded von Neumann regular ring and x € h(R).
Then there exists an idempotent graded ideal J of R such that R = Rx + J and
Rxn J = {0}.
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PrOOF. By Lemma 39, Rr = Ra for some an idempotent a € R,. Choose
J = R(l —a), then as 1 —a € R, C h(R), J is a graded ideal of R by [[4],
Lemma 1]. Also, (1 —a)? = 1—-2a+a*> = 1—2a+a = 1 — a which means
that 1 — a is an idempotent, and so J is an idempotent ideal. Let » € R. Then
r=ra+r(l—a) € Ra+ R(1—a) =Rz +J, and hence R = Rx + J. Assume that
y € RenJ = RanNJ. Then y = aa and y = G(1 — a) for some o, f € R. Now,
ya = aa® = aa =y, and ya = $(1 — a)a = Ba — Ba® = Ba — Ba = 0. So, y = 0, and
hence Rz N J = {0}. O

COROLLARY 42. If R is a graded von Neumann regular ring, then R is a direct
sum of two idempotent graded ideals of R.

PRrROOF. Apply Proposition 41 and Lemma 39. O
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